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Abstract 

We present a discussion of black 2-branes coupled to the fields of the universal hypermultiplet 
of ungauged N" = 2 supergravity theory in five dimensions. Using a general ansatz dependent on 
a spherically symmetric harmonic function, we show that there are exactly two such solutions, 
both of which can be thought of as arising from the dimensional reduction of either M2- or 
M5-branes over special Lagrangian cycles of a Calabi-Yau 3-fold, confirming previous results. 
By relaxing some of the constraints on the ansatz, we proceed to find a more general solution 
carrying both M-brane charges and discuss its properties, as well as its relationship to Euclidean 
instantons. 
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I Introduction 

The search for nonperturbative solutions of string/super gravity theories is an open problem in 
theoretical physics with various important applications. For example interest in N = 2 branes, our 
focus in this paper, soared in recent years because of their relevance to the conjectured equivalence 
between string theory on anti-de Sitter space and certain superconformal gauge theories living on 
the boundary of the space (the AdS/CFT duality) pQ. Some solitonic solutions in D = 4, 5 also 
allow for interpretation as the dimensional reduction of branes wrapping super symmetric cycles of 
manifolds with restricted holonomy. For example, M-branes wrapping Kahler cycles of a Calabi- 
Yau 3-fold A4 [2] dimensionally reduce to black holes and strings coupled to the vector multiplets 
of five dimensional N = 2 supergravity [3], while M-branes wrapping special Lagrangian cycles 
reduce to configurations carrying charge under the hypermultiplet scalars [H El [7j . Studying how 
higher dimensional results are related to lower dimensional ones may eventually provide clues to 
the explicit structure of the compact space and the choice of compactification mechanism, thereby 
contributing to more understanding of the string theory landscape. 

An abundance of work on gravitating solitonic solutions of J\f = 2 supergravity (SUGRA) in 
four and five dimensions exist in the literature. One notes, however, that most of these study 
couplings with the vector multiplets sector (for example, see [H |9l [TUJ [Til HI El O IS]). In 
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contrast, hypermultiplets-coupled solutions are quite rare (e.g. [Ml El CEE1 IE])- As such, this 
paper is one in a series intended to filling this gap as well as generalizing previous results [6]. 

The relative rarity of hypermultiplets-related work may be ascribed to the fact that the scalar 
fields of the hypermultiplets sector parameterize a quaternionic manifold, which is generally difficult 
to deal with. Luckily there exists a duality transformation, known as the c-map, which relates the 
D = 5 hypermultiplets' quaternionic structure to the more well understood D = 4 special Kahler 
structure parameterized by the four dimensional vector multiplets (e.g. |2CH I21j). This means 
that one can use the techniques of special geometry, usually reserved for the vector multiplets, to 
study the hypermultiplets and classify their brane-coupled behavior. This was first performed in 
[221123]. where instanton solutions of Euclidean N = 2 D = 5 supergravity were found using special 
geometry methods. The 2-branes we have studied in [SI [7], as well as the new result in this paper, 
are magnetically dual to these instantons. The general topic of N = 2 instantons was studied in 
various sources (see [22] and the references within). 

In [6] we found two solutions representing the coupling of 2-branes to the D = 5 universal 
hypermultiplet fields by dimensionally reducing particular M-brane configurations (which were 
constructed using the calibrations technique). In this paper, we re-derive these solutions using 
an ansatz based on a radial function satisfying the Laplace equation in the brane's transverse 
space. We demonstrate that these solutions are the only possible ones satisfying the ansatz and are 
characterized by the vanishing of either the M2- or M5-brane charges (inherited from D = 11 via 
dimensional reduction). We then proceed to generalize to a new solution carrying both charges and 
discuss some of its properties. We also note that changing certain choices leads to the dual Euclidean 
space solutions, i.e. instantons. This straightforwardly follows from the (Poincare)3 x SO (2) 
invariance of the metric. 

II Five dimensional M = 2 supergravity 

The form of the ungauged N = 2 supergravity theory living in five dimensions may be understood 
in geometric terms by considering it as the dimensional reduction of D = 11 supergravity over 
supersymmetric cycles of a Calabi-Yau 3-fold M. The resulting theory exhibits a surprisingly 
rich structure that follows directly from the intricate topology of the compact space. The matter 
content of the theory is composed of (h\ t — 1) vector multiplets and (/i2,i + 1) hypermultiplets 
[24l l25l l26l l27l [28] : the h's being the Hodge numbers of M.. These two sectors decouple such that 



3 



one may consistently set either one of them to zero. Furthermore, compactification over a rigid 
Calabi-Yau with constant complex structure moduli (J12 1 = 0) excites only the so-called universal 
hypermultiplet (UH), which is the only one we keep in our presentation. Throughout, we will use 
£M\Mi-M D to denote the totally antisymmetric Levi-Civita symbol such that e§\2— = +1- 

In what follows, we largely use the formulation of [22]. The bosonic fields of D = 11 supergravity 
theory are the metric and a 3-form gauge potential A. The action is given by 

5n = J yR, ★ 1 — -J 7 A -kF — -A A J 7 A , (1) 

where * is the Hodge duality operator. The D = 5 couplings of gravity to the universal hypermul- 
tiplet follow from eleven dimensional fields of the form 

ds 2 u = ei a g M Ndx M dx N + e~^ds 2 CY , M,N = 0,...,4 

A = — y A MNP dx M A dx N A dx p + —= + X^) 
3! y 2 

T = dA= ^-F LM Npdx L Adx M Adx N Adx P + -^(dxAtt + dxAn) , (2) 
4! y 2 

where ds^y is a fixed Ricci flat metric on the Calabi-Yau space M. and O is the unique holomorphic 
3-form on Ai. The D = 5 fields of the universal hypermultiplet are the real overall volume modulus 
a of the Calabi-Yau space, the D = 5 3-form gauge potential A and the pseudo-scalar axions (x, x)> 
assumed conjugate to each other. The dual to A is a scalar field known as the universal axion a. 
The UH scalars (a,a,XiX) parameterize the quaternionic manifold SU(2, 1)/U(2) [29l [30]. The 
D = 5 action is then found to be (dimensional reduction detailed in [3l~]): 

1 . .1 



/ 



(3) 



i? * 1 - ^da A ★du - 2o F A*F — e a dx A *dx - ^F A (xdx - xdx) 

5 

The equations of motion of a, A and (x, x) are ) respectively: 

(Act) * 1 - e a dx A *d% + e" 2<T F A *F = (4) 



S \e-^F + - * ( X d X - Xdx) I = (5) 

S[e°dx-iX*F] = 0, (6) 

where $ is the adjoint exterior derivative, A is the Laplace-De Rahm operator and the Bianchi 
identity dF = was used to simplify ([6]). The form of equations ([5]) and ([6]) is suggestive. It implies 
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that the quantities inside the derivatives are conserved currents: 

J 2 = e -^F+ Z -*{ X dx-xdx) 

J 5 = e ° dx + ix*F, J b = e°d X -ix*F. (7) 

These are, in fact, conserved Noether currents. The charges associated with them are found in 
the usual way by: 



Q 2 = / J2, 

Q 5 = [ft, Q 5 = / J 5 . (<S) 



These charges (more accurately charge densities) correspond to certain isometries of the quater- 
nionic manifold SU(2,1)/U(2) as discussed in various sources |29[ 130]. From a five dimensional 
perspective, they can be thought of as the result of the invariance of the action under certain 
infinitesimal shifts of A and ( X ,x) [221 123] . The geometric way of understanding these charges is 
in noting that they descend from the eleven dimensional electric and magnetic M-brane charges, 
hence the (2, 5) labeljj. M2-branes wrapping special Lagrangian cycles of Ai generate Q 2 while 
the wrapping of M5-branes results in non- vanishing (Q5, Q5). 

Finally, the full action is invariant under the following set of supersymmetry (SUSY) variations: 

Seip 1 = Dei + ^e- a * Fei - ^d X e 2 

8^ 2 = De 2 - l -e-°*Fe 2 + ^=d X e 1 (9) 

— 

«i = -[(d M *)-ie-°(*F) M }T M e 1 + ^=(d M x)T M e 2 

a_ 

5& = -[(d M a) + ie-°(*F) M ]r M e 2 -^=(d M x)T M e 1 , (10) 



where 



D = dx M (d M + -u M MN T lkfi ) (11) 



as usual, ip and £ are the gravitini and hyperini fermions respectively, the e's are the M = 2 SUSY 
spinors, uj is the spin connection and the hatted indices are frame indices in a flat tangent space. 



lr This is the reverse situation to that of [22], where the (dual) Euclidean theory was studied. 
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Ill The main ansatz and other preliminaries 

The most general form of a metric satisfying (Poincare)3 x SO (2) invariance in D = 5 is: 

ds 2 = e 2Ca ^i lah dx a dx b + e 2Ba ^5 llu dx^dx v , a, b = 0,1, 2 fi,u = 3,4 (12) 

where C and B are constants, (x^x 2 ) define the directions tangent to the brane and (x 3 ,x 4 ) those 
transverse to it. From the point of view of the (x 3 , x 4 ) plane, the brane appears as a point and one 
may construct ordinary polar coordinates (r, 9) in the plane with the brane at the origin, such that 

1 /2 

Xfj,Xi/^) and tan 8 — X4/X3. It turns out that the constant C is constrained to vanish by 
both the Einstein equations and the SUSY condition^ Sip = 0. We then set C = from the start: 

ds 2 = r] ab dx a dx b + e 2Ba{r) 5^ v dx^dx u . (13) 

We also adopt the following form for F throughout: 

F = ^£abcfn v (duH m ) dx» A dx a A dx b A dx c , (14) 

where m and k are real constants to be determined, f^ v is either 5^ or e fl u and the radial function 
H(r) is assumed harmonic in the transverse directions; i.e. 

AH = 6^{d„d v H) 
1 d ( r dH\ 
r dr V dr J 

-► H(r) = 1 + glnr. (15) 

Here q is related to the charges of the dimensionally reduced M-branes and we have chosen 
H (1) = 1 for simplicity. We note as well that it is possible to generalize this ansatz to a multi- 
centered solution simply by redefining: 

N 

H(x-Xj) = l + ^giln|x-Xi|, (16) 

i=i 

where x is the position vector in the (x 3 , x 4 ) plane and Xj are the position vectors of a number N of 
2-branes, each carrying a charge The presence of harmonic functions is well understood in the 
literature as characteristic of supersymmetric Bogomol'nyi-Prasad-Sommerfield (BPS) solutions, 
making the harmonic condition a desirable property. They also indicate that the multi-centered 
2 This is no surprise, since Sip = automatically satisfies Gmn = 8ttTmn |32j . 
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version of the solution satisfies a Newtonian 'no-force' condition (an example in the case of five 
dimensional black holes is [33]). In this work, however, we will restrict ourselves to studying 
single-centered solutions. 

Demanding that (|14p satisfies the Bianchi identity dF = leads to: 

K (m-l)e^f a v (d ti lnH)(d v 1nH)=0, (17) 

which, for nonvanishing k, is identically satisfied for the choice f v = 5^ but requires m = 1 for 
f l /' = s u . Now, consider the field equation ([5]). The second term vanishes as a consequence of the 
Bianchi identities on (x, x) as well as 

d X A d X = 0, (18) 

while the first term leads to 



d*F -2da A *F = 



Klf XuXy 



, ^ q da 
( m _l)_^_2_ 
rti dr 



0, (19) 



where the assumption for a radial dilaton (|13p was used. Once again assuming nonvanishing k 
(|19p is identically satisfied for the choice f^ v = e^. However for f " = 5^ it yields a first order 
differential equation for a with the solution: 

o-(r) = - (m- l)lnif, (20) 

where we have chosen a (1) = for simplicity. We then generally assume the following form for the 
dilaton 

a(r) = nhxH, (21) 

where n is a constant that is equal to ^ (m — 1) only for k ^ and f^ u = S^. 

The solutions we seek are black 2-branes satisfying the BPS condition, breaking half of the 
supersymmetries of the theory. This is guaranteed by the vanishing of the variation of gravitini 
and hyperini backgrounds, i.e. 5ip = and 5t; = 0. In addition, we will use the remaining UH field 
equations and Einstein's equations Gmn = 8ttTmn to find constraints on the unknown constants 
in the ansatz as well as the form of the axions (x,x)- The bits and pieces we will need are as 
follows: The fiinfbeins and Christoffel symbols are: 



P" = B 

vp 



V 



% (d p ff) + (£U) - (d a a) , (22) 



resulting in the following spin connections and covariant derivatives: 

wjh = B (S^P" - 6 $p Sl) (d p< 7) 

D a = d a 

D» = ^I^MV, (23) 
as well as the Dirac matrices projection conditions^: 

T/ipe s =b s E( l ve s , s =(1,2), b s = ±i 

r/e s = b s s^e s , T»e s =-b s e u ^e s . (24) 

Finally, the Einstein equations have the following components: 

Gab = Brj ab g^ (O^a) , G^ = 

87rT ab = -l Vab (fya) + \e- 2 °F^ dca F» dc b - ^e- 2 ° Vab F^ dce F^ - Vr^ (d» X ) (dtf) 

SvrT^ = i (d„a) (d u a) - (d a a) (d a a) + ±e~ 2 ° F^ abc F u abc - g^F aabc F aabc 

+e° (dtf) (duX) ~ \e a 9,u (d a X ) • (25) 

IV An ansatz for the axions 

In this section we assume the form of the axion fields (x, x) to be: 

d X = u>l fX v {d v H p )dx», dx = wZ/ (d u H p ) dx p , (26) 

where p and the complex u are constants to be determined and 1^ is either 6" or e„ We will derive 
all the possible solutions that satisfy this assumption. This will include both 2-brane solutions as 
well as the dual instanton solutions. It is straightforward to check that (|26|) trivially satisfies (|18|) . 
We now systematically go through the remaining field equations, inserting the ansatze (|14l 1211 12"6"]) 
and keeping track of the cases that arise due to the specific choices of / " and I v . The Bianchi 
identity d 2 x = gives 

u (p - 1) e^l a v (8^ In H) (8 U In H) = 0, (27) 
which is satisfied identically if Z„" = 8" but requires 

w (p - 1) = (28) 



' The Einstein summation convention is not used over the index s. 
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for I " = e The a equation of motion gives: 

n8» v (dp In H) (ft, In H) + m 2 k 2 H 2 ^ 1 ^ 8^ (ft, In H) (ft, In H) 

+p 2 \cj\ 2 H^+^S^ (d^lnH) {d v \uH) = 0, (29) 

irrespective of the choice of f v and I v . This is clearly satisfied provided that: 

m = n, 
n 

V = — 

n + m 2 k 2 + p 2 \uj\ 2 = 0. (30) 

Combining all three conditions together, we get the algebraic constraint^]: 

1 + riK 2 + -U 2 = 0. (31) 
4 1 1 

The x field equation (JH) yields: 

u (n - 2) (ft, In #) (ft, In £T) 

+i2nwK (e aP f a n^) (ft, In £T) (ft, In F) = 0, (32) 



with a similar equation for x- The conditions for (|32|) to be satisfied depend on / " and 1^ in the 
following way: 

1. f fJ v = IS = e": Identically satisfied 

2- V = V = a£ w(n-2) = 

3- = = w« = 

4- // = £/> V = <5 £ : w(n-2) = WK = 

Next, the Einstein equation G a b = S-kT^ is satisfied for any choice of /„" and 1" if: 

B = ^(l + n 2 + l -\uj\ 2 ], (33) 
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while G^ u = 8-71-1^2, results in: 



y (ft, In #) (ft, In ) " y (5a In H) {dp In ff) 

+imVV<^ (ft, In If) (ftjlnH) - X -p 2 \u\ 2 8^ (ft* ln#) (ft, In If) 

-^V////(fl a hifl) (dplnH) +p 2 \u\ 2 l«l/ (d a hxH) (dplnH) = 0. (34) 



4 Excluding the trivial case n = 0, which simply gives the flat Minkowski spacetime with vanishing hypermultiplets. 



This equation yields four algebraic conditions corresponding to the possibilities: 

1- V = V = e/: 1 + k 2 -±>| 2 = 

2- // = V = l-K 2 + i|u;| 2 = 

3. /; = ^,i; = £;: i-« 2 -|ni 2 = o 

4- V = e/,y = l + K 2 + i|u;| 2 = 

We now solve all the algebraic conditions under the four possible combinations of f„ u and L". 
We choose the complex representation u = be llp , where b is a real constant and (p is an arbitrary 
phase and demand that k = R to ensure the reality of F. We find exactly two possibilities: 

2-brane with constant axions 

ds 2 = r) ab dx a dx b + e~ a S^dx^dx" , 
a = —InH, dx = dx = 



F = ±(d^H~ 1 ^jdtAdx 1 Adx 2 Adx^ 1 
1 

H 

2-brane with constant 3-form field 



A = ± — dt A dx 1 A dx 2 , (x, x) = constants. (35) 



ds 2 = r] ab dx a dx b + e~ 2a b ilu dx il dx v ', 

a = —2liaH, F = 0, ^4 = constant 

d X = ±V2e^ u {d v H)e +iLp dx^, d x = ±V2e^ u {d v H)e~ iLp dx^, 

-►X = ±V2ge^0, x = ±v / 2ge^. (36) 

It is straightforward to verify that the conditions Sip = 5£, = Q are satisfied if the SUSY 
spinors (ei,e2) are constant in both cases. Solutions (|35p and (|36p are exactly the ones we found 
in reference [6] as the result of the dimensional reduction of wrapped M-branes and are the only 
2-brane possibilities satisfying the ansatze (|141 |2T| [26]) . We have discussed the M-brane connection 
in more detail in [6j and [7] (as well as [31]). In the first reference in particular, it was explicitly 
shown that the dimensional reduction of a single M2-brane down to five dimensions over a rigid 
Calabi-Yau manifold (/i2,i = 0) gives exactly the solution (|35p . while the dimensional reduction of 
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a certain M5-brane configuration yields the solution (|36|1 I. It is clear from the calculations in this 



section that these are the only possible 2-brane solutions if one insists on applying the dependence 
on H to all the UH fields. To find a solution with non-vanishing fields we will have to relax this 
condition, which we will do in the next section. 

Finally, we note that if the conditions k = R and b = b are relaxed then there exist two more 
solutions: 

ds 2 = r]MNdx M dx N , 
a = InH, dx = dx = 
F = ±ie^ (d v H) dt A dx 1 A dx 2 A dx^, 
— > A = ±iq6 dt A dx 1 A dx 2 , (x, X) = constants, (37) 

and 

ds 2 = r)MNdx M dx N , 
a = 2 In H, F = 

d X = ±iV2(d^H- l ^e +iLp dx^, dx = ±iV2 e'^dx* 1 

/2 /2 
-> x = ±i-jjre itp , x = ±»^e~ < *' ) A = constant. (38) 

These are clearly not 2-branes but rather Minkowski space representations of Euclidean solutions 
of the theory, i.e. instantons; as can be verified by performing a Wick rotation t — ► ix° on them 
and allowing the function H to be harmonic in all five dimensional Euclidean space (which also 
restores the reality of F in the first result). Such UH-coupled instantons have been extensively 
studied in the literature, particularly for D = 4 (see for example [311 E3 ESI EZ] ) . The first solution 
(|37p is the result of the dimensional reduction of Euclidean M5-branes over a rigid M and (|38|) 
is the dimensional reduction of Euclidean M2-branes. Solutions (|37p and (|38p are then just the 
Minkowski space representations of these instantons and are magnetically dual to the 2-branes (|35p 
and (|36p . The D = 4 instantons of [33] are similar and should arise as the dimensional reduction 
of (1371) and (BED over S 1 . 



3 In [6], however, the choice (p=n/2 was used. 
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V The 2-brane with full UH fields 



In the previous section it was shown that assuming the ansatz (126p fails to deliver a solution with 
non-vanishing UH fields. We now relax (|26[) while keeping the analysis of ^HII Based on the form 
of the solutions ([35]) . ([36]) . ([37]) and (f38j) . we expect that the choice /„" = iS" will lead to a 2-brane 
configuration generalizing (|35h . while /„" = would result in an instanton solutio We then 
set 

ds 2 = r] ab dx a dx b + e~ a 5 flu dx fJ -dx u , a = -lnH 

F = ± (d^H~ l ^j dt A dx l A dx 2 A dx^, (39) 

and are only left with finding the form of the non-constant axions. First, we consider the Einstein 
equations G a b = 87rT a b and = both of which lead to 

da A *da + er 2a F A *F + 2e a dx A *dx = 0, (40) 

yielding 

d X A *dx = 0. (41) 

We also note that the dilaton equation leads to (|4ip as well. It can be shown that it is 
impossible to satisfy (Hdj) simultaneously with ([18]) . which guarantees ([5]), if one insists that the 
axions (x, x) are complex conjugate to each other. However, this problem is solved if one assumes 
that they are split-complex conjugate. In other words: 

X = Xi + 3X2 

X = X1-JX2, (42) 

where (xi,X2) are functions in the transverse plane and the "imaginary" number j is defined by 
j 2 = +1 and is not equal to ±1. Split-complex numbers^ are a generalization of ordinary complex 
numbers satisfying the 'hyperbolic' scalar product: 

\X\ 2 = XI-Xl (43) 



6 This, in fact, leads to the solution found in [22J . which reduces to (|37p for vanishing axions. 

7 Also known as 'para-complex numbers', 'real tessarines', 'algebraic motors', 'hyperbolic complex numbers', 'dou- 
ble numbers', 'perplex numbers', 'Lorentz numbers', and several others. 



12 



In contrast to the complex numbers, which form a field, the split-complex numbers form a ring. 
They have the interesting property, absent from the complex numbers, of containing non-trivial 
idempotents (other than and 1), where an idempotent Z is defined by Z 2 = Z. This property 
can be used to define the so-called diagonal, or null, basis: 

e = ~(l+i) 

e = ( 44 ) 
such that any split-complex quantity, such as our axion fields, can be written in the form: 

X = (Xi + X2) e + (xi - X2) e (45) 
X = (Xi- X2) e + (xi + X2) e, (46) 

2 

where e is idempotent as well as null, i.e. \e\ = ee = 0. One can also demonstrate the interesting 
property (which we will use in the next section): 

1 1 

- = 3 = 1- (47) 

e e 

Equations ([4"T]) and (fl~8j) further require that xi = X2, i-e. 

X = 2exi 

X = 2e X i, (48) 

which means that (x, X) are themselves null split-complex fields. It is this last fact that allows for 
(|4ip and (|18|) to be simultaneously satisfied. It is interesting to note that split-complex structures 
have been shown to naturally arise in the context of hypermultiplet couplings obeying Euclidean 
supersymmetry (see e.g. [38] and the references within). The connection between this and the 
explicit solution found here might be a worthwhile problem to pursue. 

We are now left with finding the explicit form of the real function xi ( r > This is straightfor- 
wardly found by looking at the x field equation ([6]), which gives 



15 / dxi \ , 1 / d Xi \ q 



r dr V dr J r 2 \ d9 2 I Hr 
This clearly implies that 

dx 



dxi\ i_ fdxi 



dr J r V 99 



(49) 



ah°- (50) 
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The remaining radial equation is then readily integrated to give: 



X 



X 



XoH 2 e 
XoH 2 e, 



(51) 



where the factor of 2 was absorbed in the arbitrary integration constant xo- Note that the axion 
fields are asymptomatically well-behaved since (dx, dx) oc H/r ; slowly converging to a finite value. 

Finally, we look at the SUSY variations. Using (jlOh . the condition = can be written in the 
matrix form 



f 2 (d»x)T» 



\[{d v a)+ie-°{*F) v ]T» 




which is true if and only if the determinant of the given matrix vanishes: 



0. 



(52) 



da A *da + e~ 2a F A *F + 2e a dx A *dx = 0. 



(53) 



This is exactly equation (|4(J|) which we already know is satisfied. The condition 5£ = can 
further be used to uncouple the two St/j = equations, leading to first order differential equations 
in the spinors: 



De 1 + ^daei - (*F) e x = 
De 2 + -dae 2 + -^T (*F) e 2 = 0, 



resulting in 



de. 



8 = 1,2, 



(54) 



(55) 



dr J 2Hr 

which is straightforwardly solved by e s = H^e s , where (ei,e2) are constant spinors. 

To summarize, the complete solution representing the coupling of a 2-brane to the full set of 
non-vanishing universal hypermultiplet fields in D = 5 is: 



ds 2 
A 

X 
X 



r]abdx a dx b + e '6 '^dx^ 'dx v ', 

1 1 9 

±— dt A dx 1 A dx , 
H 



a 



InH 



XoH 2 e 



XoH e, 



where e = ^ (1 + j) , e = ^ (1 - j) , 
and j 2 = +l, j^±l. 



(56) 



This clearly reduces to (|35"j) if xo = as required 



14 



At this point, a natural question to ask is whether or not one can find another solution with 
non- vanishing UH fields that reduces to (|36p if F = 0. One can show that this, in fact, is not 
possible. The reason is that if one assumes such a solution existed then equation (flOj) necessarily 
leads to 



implying that A is not real. This is a contradiction and one concludes that a more general solution, 
exactly reducing to (f36j) as a special case, does not exist. However, it should be clear that relaxing 
the condition of the reality of F and proceeding from (|57h one should arrive at an instanton solution 
that reduces to (|38p for vanishing F. As before, the reality of F would be restored in Euclidean 
space. 

VI The M-branes connection revisited 

In order to emphasize the geometric meaning of the results discussed in this paper, we further 
analyze their interpretation as the dimensional reduction of M-brane configurations. The M-brane 
charges, excited by these reductions, are calculable via ([8]). Note however, that an interesting prop- 
erty of the 2-branes (|35p . ()36[) and ()56[) is that they are asymptotically non- flat! This phenomenon 
is known to arise for p-branes where p = D — 3,D — 2 and such solutions have been dubbed 'high 
branes' [39] . As such, it does not make much sense to talk about the 'total' charge of the brane, 
since the integrals of ([8]) would necessarily diverge if carried over the entire transverse space. In 
what follows then, we calculate the M-brane charges using specific choices of integration constants, 
with the sole purpose of relating (Q2, Q5) to the dilaton charge q in the simplest possible way. We 
will use non-script (Q2, Q5) to denote the charges with these choices of constants. 

As discussed in |6j , (|35|) is the result of reducing a single M2-brane to D = 5 using the scheme 



where (t, 1, 2) represent the world-volume directions of the brane, (3,4) the transverse directions 
and the six dimensions denoted by • represent those wrapped completely over a T 6 . Calculating 
the M2-brane charge via (J8|) leads to the simple relation 




(57) 



t 1 2 



3 4 



(58) 



Q2 = ±q 



(59) 
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and of course Q5 vanishes. This leads to 



ds< 



rj ab dx a dx b + e cr 5 fiu dx tl dx u 



a 
A 



In (1 + glnr 
1 



dt A dx 1 A dx 2 , (x, x) = constants. 



(60) 



I + Q2 lnr 

Solution (|36p . on the other hand, is slightly more complex since it arises from the dimensional 
reduction of a system of 4 intersecting M5-branes as follows 



(61) 



t 1 2 34 5 6 7 • • • 
£ 1 2 34 5 • • • 9 10 
£ 1 2 34 • 6 • 8 • 10 
£ 1 2 34 • • 7 8 9 • 

Note that each two M5-branes intersect on a 1-brane and that three directions of each M5- 
brane end up completely wrapped over 3-cycles of the Calabi-Yau, which are taken to be special 
Lagrangian. The Q2 charge vanishes and we find: 



Q 5 
<2s 



±2nV2qe- ilp , 



(62) 



leading to 



ds 2 



a 

X 
X 



r] ab dx a dx b + e~ 2a 5^dx^dx u , 
-21n(l + qlnr), 

2vr 



A = constant. 



(63) 



The fact that one cannot find a more general solution with non-vanishing charges that reduces 
to (|63p can be explained in the following way: Such a solution, if it existed, would have the D = 11 
interpretation as the intersection of four M5-branes and at least one wrapped M2-brane. Chart 
(|6ip implies, however, that there is no room left for M2-branes. If the D = 11 parent configuration 
does not exist, then the D = 5 offspring wouldn't either, as we found in the previous section. 

Finally, we look at (|56p . The M-brane charges are found to be: 



Q2 



±q 



16 



Q 5 



±2<?xoe(l - i7r ) 



Q 5 



±2qXoe (1 + in) . 



(64) 



Note that the M5-brane charges are both complex and null split-complex. Re- writing 

Xo hi terms of the M-brane charges and using ([4"7|). (|56|) becomes: 



ds 2 



r] ab dx a dx b + e a 5^dx fJ, dx v , 



a = — In (1 + glnr) 



.4 



X 



X 




and j 



•2 



+ 1, j#±l. 



(65) 



Solution (|56 |/l65p then represents the dimensional reduction of some configuration of wrapped 
M2- and M5-branes. Finding this configuration is an interesting problem in its own right. It might 
be, however, that it is already partially known. In [40J, a solution representing the coupling of 
(unwrapped) M2- and M5-branes was found (with further discussion in [H]). In their analysis, the 
D = 11 metric and 4- form field T are dependent on an arbitrary phase angle a such that the choice 
cos a = reduces the solution to a pure M2-brane whereas sin a = gives the ordinary M5-brane. 
We suspect then that there exists an eleven dimensional solution that represents the wrapping of 
this dyonic state over special Lagrangian cycles of A4 such that, upon dimensional reduction, it 
yields ([SB"]) , This, however, is a question for future pondering. 

VII Conclusion 

We presented a detailed analysis of the coupling of supersymmetric BPS 2-brane sources to the 
universal hypermultiplet fields of five dimensional N = 2 SUGRA. These solutions can be thought 
of as the dimensional reduction of certain M-brane configurations over special Lagrangian cycles of 
a rigid Calabi-Yau 3-fold. Two of the solutions discussed carry only one of the two possible M-brane 
charges and were shown to be the only solutions satisfying both (Poincare)3 x SO (2) as well as 
the dependence on a purely radial harmonic function (barring instanton solutions of the Euclidean 
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form of the theory) . We then generalized one of these solutions to one representing the dimensional 
reduction of a coupled M2/M5 brane configuration and explicitly calculated the M-brane charges. 

There are several possible paths that one can tread from here. For example, finding the eleven 
dimensional dyonic M2/M5 brane configuration that dimensionally reduces to (|56|/I65[) would be 
interesting. As mentioned, a starting point could be the solution of [40]. One may also generalize 
our result to include an arbitrary number of hypermultiplet fields (i.e. hii 7^ 0) in the spirit of [6] 
and [23J, and/or find its eleven dimensional counterpart. Clearly these possibilities are intertwined 
and one may easily lead to the other. An obvious obstacle would be the fact that explicit forms of 
compact non-rigid Calabi-Yau manifolds do not yet exist. In other words any hi,\ 7^ configuration 
will necessarily depend on unknown functions representing the complex structure moduli and other 
metric-dependent properties of M.. Despite this, one can still deduce a variety of conclusions 
from the general form of the differential equations governing the unknown functions, as well as 
further understand Calabi-Yau compactifications (see e.g. [3] and [7]). Furthermore, constructing 
wrapped M-branes may require invoking the theory of generalized calibrations; an approach that 
is interesting in its own right {e.g. [2]). 

Even without reference to higher dimensional sources, one can still find open questions to tackle 
for hypermultiplets-coupled branes. For instance, it would be interesting to further explore the 
properties of N = 2 branes as high branes. Also, aside from the appearance of split-complex struc- 
tures in Euclidean supersymmetry [38], the use of split-complex quantities to construct an explicit 
supergravity solution is, to this author's knowledge, unprecedented. One could further explore the 
origins of this, its connection to Euclidean supersymmetry, as well as its physical implications, if 
any. Another possibility, one more in tune with our earlier comment that hypermultiplets-related 
research is lacking in the literature, would be to write down general ansatze for five dimensional 
p-branes satisfying (Poincare) p +i x SO (D — p — 1) invariance and study the general properties of 
such metrics and how they can couple to the UH fields or, more ambitiously, to the full hypermulti- 
plets sector. Some work in this direction already exists [42] , [43] . This is particularly interesting in 
the context of classifying p-branes in supergravity. In the future, we plan to continue explorations 
in at least some of the above possibilities. 
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